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EXAMPLE OF ZERO VISCOSITY LIMIT FOR TWO DIMENSIONAL
NONSTATIONARY NAVIER-STOKES FLOWS WITH BOUNDARY
(Shin’ya MATSUI)
$\Omega\subset B^{2}$ wit smooth boundary
$(u^{\nu}(t, x),p^{\nu}(t, x))$ : Navier-Stokes flow with initial data $u_{0}^{\nu}$ in $\Omega$ ,
$(\overline{\tau\iota}(t, x),\overline{p}(t, ae))$ : Euler flow with initial data $\overline{u}_{0}(x)$ in $\Omega$ ,
. .
THEOREM $0$ . $\tau\iota_{0}^{\nu}arrow$ as $\nuarrow 0$ in $L^{2}(\Omega)$ . .
(a) $||u$“ $(t)-\overline{u}(t)||_{L^{2}(\Omega)}arrow 0$ as $\nuarrow 0$ uniformly in $t\in[0,T]$ ,
(b) $\lim_{\nuarrow 0}\nu\int_{0}\int_{\partial\Omega}\overline{u}(\tau)\cdot n\cross rotu^{\nu}(\tau)dSd\tau=0$ uniformly in $t\in[0,T]$ ,
(c) $\nu\int_{0}^{\tau}||gradu^{\nu}(\tau)||_{L^{2}(\Gamma_{\epsilon\nu})}^{2}d\tauarrow 0$ as $\nuarrow 0$ (by T. Kato).
$n=n(x)$ $\Omega$ $\Gamma_{c\nu}=\{x\in\Omega;dist(x, \partial\Omega)\leq c\nu\}$ .
. $\Omega=\{x\in R^{2} ; |x|<1\}$










here $\overline{\omega}\in C((O, 1$]) with $\overline{B}=(\int_{0^{1}}p\overline{\omega}^{2}(\rho)d\rho)^{1/2}<\infty$ .
$div\overline{u}=0$ in $\overline{\Omega}$ ,
$\overline{u}\cdot n=0$ on $\partial\Omega$ ,
rot $\overline{u}=\overline{\omega}_{0}$ in St,
$( \overline{u}, \nabla)\overline{u}=-(\begin{array}{l}cos\thetasin\theta\end{array})\frac{\overline{\varphi}^{2}}{r^{\}}=-\nabla\overline{p}$ in $\overline{\Omega}$,
$r^{I}D1$ ,
$| \overline{\varphi}(\ell)|^{2}\leq\int_{0}^{\iota}\rho^{2}d\rho\cdot\int_{0}\overline{\omega}^{2}(\rho)d\rho=\frac{1}{\}\iota^{S}||\overline{\omega}||_{L^{2}(0,1)}^{2}$.
. (1) $(\overline{u}(t, x),\overline{p}(t, x))$ Euler flow .
$u_{t}^{\nu}$ –\mbox{\boldmath $\nu$}\Delta u\mbox{\boldmath $\nu$}+( \mbox{\boldmath $\nu$}, $\nabla$ ) $u^{\nu}$ $\nabla p^{\nu}$
$= (\begin{array}{ll}-sin \thetacos\theta \end{array})\frac{1}{r}(\varphi_{t}^{\nu}-\nu\varphi^{\nu}, +\frac{\nu}{\prime}\varphi^{\nu})+\nabla(-p^{\nu}+p^{\nu})$
$\psi(r,t)$
$\psi_{t}=r(\frac{\psi}{r})$, for $0<r<1,0<t<\infty$ ,
($) $\psi,|,=0=0$ , $\psi|,=1=0$ for $0<t<\infty$ ,
$\psi|_{t=0}=\varphi_{0}^{\nu}(r)$ for $0<’<1$ .
(4) $\varphi^{\nu}(r,t)=\psi(r, z4)$
(1 ) $(u^{\nu}(t, x),p^{\nu}(t, ae))$ Navier-Stokes flow .
$\varphi_{0}^{\nu}$
$\text{ _{}0}^{\Psi}(x)=\frac{\varphi_{0}^{\nu}(r)}{r}(\begin{array}{l}-sin\thetacos\theta\end{array})$ , $\varphi_{0}^{\nu}(0)=(\varphi_{\nu})’(0)=0$,
$\omega_{0}^{\nu}(r)\equiv\frac{(\varphi_{0}^{\nu})’(r)}{r}$
$\overline{1}$th $E^{\nu}=( \int_{0}^{1}\rho\omega_{\nu}^{2}(\rho)d\rho)^{1/2}<\infty$ .




THEOREM 1 ([1]). $\varphi_{0}^{\nu}\in C^{2+\alpha}([0,1])$ for $0<\alpha<1$ . Then there exists an unique
solution $\psi\in C^{2,1}(Q)$ of $(S)$ , which satisRes $\psi(0, t)=0$ and
$| \psi(r,t)|+|\int_{0}^{t}\psi,(1, \tau)|+t|\psi,(1,t)|\leq C(||\omega_{\nu}||_{L^{2}(0,1)},T)$
in $Q=\{(r,t)\in[0,1]\cross[0, \infty) ; (r,t)\neq(1,0)\}$ .
Theorem 1 .
THEOREM 2. For the solution $\psi$ in Theorem $I$ , we define $\nu$ and $p^{\nu}$ by (I) and (4).
TAen $(u^{\nu},p^{\nu})$ is an unique solution such that
$u^{\nu}\in C^{2,1}(D)$ and $p^{\nu}\in C^{\,1}(D)$ ,
$\text{ _{}l}^{\nu}$
$\Delta \text{ ^{}\nu}$ , $\nabla(rot\text{ ^{}\nu})\in L^{\infty}((0, \infty);L^{2}(\Omega))$ ,
$t|\nabla u^{\nu}|\leq C(||\omega_{\nu}||_{L^{2}(0,1)},T)$ for $(x,t)\in\partial\Omega\cross[0,T]$ ,
here $D=\{0<|ae|\leq 1,0<t<\infty\}$ .
Flow Zero viscosity limit .
THEOREM $ (M. $-$ ) $||\ovalbox{\tt\small REJECT}$ ). $||\text{ _{}0}^{\nu}-\overline{\text{ }}||_{L^{2}(\Omega)}arrow 0,$ $\nu^{\/4}||$ rot $\text{ _{}0}^{\nu}||_{L^{2}(\Omega)}arrow 0$ as $\nuarrow 0$
. $T>0$ : Rxed .
$\sup_{0\leq\leq T}||u^{\nu}(t)-\overline{u}||_{t^{2}(\Omega)}arrow 0$ as $\nuarrow 0$ .
, .
LEMMA ( ). $\psi$ Theorem 1 . .
$e^{4\ell} \int_{0}\frac{\psi^{2}(t)}{r^{s}}+^{\underline{\psi,(\ell)}}dr+\int_{0}e^{4\tau}\int_{0}^{1}\frac{\psi^{2}(\tau)}{r^{4}}+\frac{\psi^{2}(r)}{r^{2}}+\psi^{2},(\tau)drd\tau+$
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